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ABSTRACT: The Factor of Safety (FoS) measures the ability of a structure to withstand its
loadings. It is the ratio between resisting forces Rf and driving forces Df acting on or within a
structure. Both Rf and Df are stochastic variables influenced by the intrinsic variability of
geomechanical parameters, water table position, external loadings etc. Common practice
engineering implicitly considers those variabilities by reducing resistance and increasing loadings
to “prudent” values leading to a single FoS. The reliability Rs=Rf-Df also expresses the ability of
a structure to withstand its loadings. The probability of failure (pf) is the probability Rs≤0.
Oftentimes pf appears as the probability of p(FoS≤1). In recent years various authors have
expressed pf as a combination of Key Performance Indicators (KPIs), including human factors,
etc.
This paper builds a FoS-pf relationship using a simple slope example. The paper shows how
such a relationship compares with empirical solutions from literature. This is paramount for the
formulation of risk informed design and to foster engineer’s confidence in probabilistic solutions.

1 INTRODUCTION
This paper discusses the Factor of Safety (FoS) and the probability of failure p f of geostructures.
The information contained in this paper is applicable to dams as well as dumps and pits slopes
provided the analyst pay attention to the specific details pertaining each type of structure. FoS is
generally used to measure the ability of a structure to withstand its loadings. Common practice
engineering implicitly considers uncertainties by reducing resistance and increasing loadings to
“prudent” values. It then expresses FoS as a single number.
The probability of failure pf expresses how likely a failure (say slope instability) is to occur.
Uncertainties (e.g. soil geomechanical parameters) are explicitly considered. Many techniques,
including direct mathematical formulation, point estimates methods (Rosenblueth, 1975) and
Monte Carlo simulation can be used to evaluate pf using geomechanical models.
In recent years, various authors have expressed the probability of failure as a combination of
Key Performance Indicators (KPIs), including human factors and quality of studies, design,
monitoring, maintenance. These expressions have generally been empirical or semi-empirical. In
some cases, these formulations have found fierce opposition: their detractors consider them as
doubtful and unverifiable, however, without delivering a counter-proof. This paper shows how a
FoS-pf relationship can be rigorously built, based on geomechanical probabilistic considerations,
using a simple slope as an example. The paper then shows how such a geomechanically derived
relationship compares with empirical solutions from literature finally shedding some light on
possible verification and solving lingering doubts.
The ability to generate and compare such a relationship is paramount for the formulation of risk
informed design and to foster engineer’s confidence in probabilistic solutions.

2 FOS, RELIABILITY, PF AND SOME PERPLEXING UNANSWERED QUESTIONS
The Factor of Safety (FoS) is generally used to measure the ability of a structure to withstand its
loadings. FoS is defined as the ratio between resisting forces Rf and driving forces Df: FoS=Rf/Df
acting on or within a structure. Due to various uncertainties both Rf and Df are stochastic variables.
Indeed, their behavior and spread are influenced by the intrinsic variability of cohesion, friction,
water table position, external loadings, etc. Common practice engineering implicitly considers
those variabilities by reducing resistance and increasing loadings to “prudent” values. It then
expresses FoS as a single number.
The reliability of a structure Rs is the difference between Rf, Df: Rs=Rf-Df. Therefore, Rs also
expresses the ability of a structure to withstand its loadings. Reliability analyses generally
consider the variability of Rf and Df. For simplification, their possible dependence is oftentimes
neglected.
Probabilistic methods allow these uncertainties to be considered. These approaches can be
classified into two families:
1. hybrid or semi-probabilistic methods (Baecher, 1984, Kanjanakul, Chub-Uppakarn, 2018,
Kavvadas et al., 2009, Oboni, Martinenghi, 1983, Peterson, 1999),
2. purely probabilistic methods (Oboni, Bourdeau 1984, Oboni, Bourdeau, Bonnard, 1984).
The first belongs to the classical methods of soil mechanics, rendered probabilistic (Alonso
1976). These methods, after introducing the soil parameters of mechanical resistance as random
variables, seek to define (Figure 1, 2) the probability of failure (pf) as the probability pf =
p(Rf/Df≤1) or simply pf = p(FoS≤1) (Harr, 1977) (Figure 1).

Fig. 1 Probability of failure can be evaluated as pf = p(FoS≤1)

An alternative solution, mathematically more rigorous, consists in defining p f as the probability
that the forces or stresses Df exceed the resistances Rf. That is equivalent to stating that pf=p(RfDf. ≤0) or simply pf=p(Rs≤0) (Figure 2).
𝑝𝑓 = ∫

𝐹 (𝐶)𝑓 (𝐷)𝑑𝐷

(1)

Oftentimes however, pf is simply expressed as the probability of FoS≤1 (Figure 1), as this
formulation is “conceptually nearer” to common practice approaches. The second family of
“purely probabilistic” approaches groups together the methods involving probabilistic concept at
mechanical level.
In the following paragraphs we will deal with examples relating to the first family which, from
a practical point of view, has the advantage of allowing the use of traditional engineering methods.
To avoid unnecessarily complicated calculations, it is interesting to select the parameters
presenting the greatest uncertainties. It is usual, for this purpose, to neglect the variability of the
forces transmitted by buildings and other loadings to the slope. We therefore only consider
geotechnical parameters as:






cohesion c,
friction ,
bulk density γ and finally
position of the water table.

Fig. 2 Probability of failure can be evaluated as that pf=p(Rf-Df ≤0) or simply pf=p(Rs≤0) provided the
distributions are known: 1*2 ≤ pf ≤1+2 and for Rf and Df independent, (Freudenthal et al., 1966).

Statistical studies carried out on “homogeneous” soils make it possible to eliminate γ, given its
generally low variability (Recordon, Despond, 1977).
Numerous studies (Shultze, 1972, Hammit, 1966, Lumb, Holt, 1968) showed that the variability
of the other soil parameters is relatively constant per soil types, e.g. various densities of sands,
gravel and even clays. Variability is generally expressed with the coefficient of variation called V
in this paper, i.e. the ratio of standard deviation and average value expressed in percentage. Thus,
based on literature, it is oftentimes assumed, as a first approximation, V= 10% -15% and Vc =
50% (careful with cohesion variability!) to evaluate a structure performance at the preliminary
stages. Probabilistic evaluations can therefore be applied even if a statistical analysis of the
characteristics of each soil layer is not economically possible. The unfortunate reality is that
values obtained following this geomechanical correct procedure are indeed quite different from
those obtained by observation of real-life structures.
A paper (Christian, Baecher, 2011) discusses ten unresolved problems in geotechnical
engineering. The first one is: why are failures less frequent than our reliability studies predict?
The authors note that reliability studies carried out over the past few decades generally give
probabilities of failure on the order of several percent or more for the usual range of uncertainties
in soil properties and analytical tools. Then they state: “we do not observe this frequency of
failures (in the field).” Thus, they ask: “why not?”
If we consider the typical V reported from soil engineering property testing are in the range
discussed above, presuming a mean FoS=1.5, the corresponding p f is evaluated in the vicinity of
0.1 for a Normal distribution of FoS. This value -0.1- is at least an order of magnitude larger than
the observed frequency of adverse field performance! It is also at least two orders of magnitude
larger than the frequency of all-modes failures of earth dams, as we showed in a 2013 paper

(Oboni, Oboni, 2013). Obviously, there are some underlying issues that make the purely
geomechanical considerations insufficient. Below are four potential reasons for the systematic
overestimation of pf when using geomechanical models: Uncertainty in soil properties is being
overestimated. If the V in the field is smaller than the value used to estimate the pf, it will be
overestimated.
1. We do not apply FoS to mean property values but to some conservative fraction of the
mean. US Army Corps of Engineers practice, as an example, is to use a 1/3-rule in
choosing engineering properties: the design property is taken at that value which is larger
than 1/3 of the observations and smaller than 2/3 (USACE 2003). For Normally
distributed data, that is approximately the mean less 0.4 standard deviations. This implies
a pf in the vicinity of 0.05. This last value is more in keeping with observed rates, but still
too high.
2. The variation we observe in test data includes both actual variations of in situ properties
and measurement error (i.e., noise). That measurement error can be large. Care must be
exercised in assigning V to soil engineering properties, and we may over-estimate the
uncertainties in soil properties by a great deal.
3. Many analytical models used to calculate FoS and pf are not accurate. Most analytical
models used in geotechnical engineering are conservatively biased.
It is however important to note a few other elements:
 the actual rate of unsatisfactory performance, leading to benchmark thresholds may be
under-reported. Indeed, unless the failure is spectacular, it is unlikely that every case of
failure, excessive settlement, slope distress, and so on is included in the data repositories
for geotechnical facilities. That is why we stress the need for constant updates,
calibration and re-evaluation.
 FoS are deterministic and do not consider the occurrence of extreme events along the life
of the structure.
 FoS do not include the “history” of the structure, its management, and human factors.
3 CHARACTERIZING THE HAZARD OF A SLOPE
FoS and pf are commonly used to characterize the hazard of a slope as, in this case, they describe
the state of equilibrium of a potential volume (on a slope cross section) limited by the topography
and a potential sliding surface with respect to sliding. Common methods to evaluate FoS and p f
are based on Limit Equilibrium Method (LEM) and do not support the type of risk-based decision
making currently required in the mining industry (Adams, 2015).
As stated earlier, pf can be determined by various means. Significant parameters are considered
as stochastic variables defined either by their first and second moment (average and variance),
possibly their bounds and in some cases their third statistical moment (skewness). If data quality
and quantity is high, the Probability Density Function (PDF, aka distribution) of each parameter
can be estimated by the analyst. Once all the significant selected parameters have been described
as above, the calculation of pf can proceed (Figures 1,2).
Based on the definitions above, FoS and pf express the proneness of a potential volume (on a
slope cross section) limited by the topography and a potential sliding surface to fail as a
“monolith”, thus they constitute a rough hazard quantification. However, while the first is
deterministic and the second is probabilistic, both approaches are geomechanical, meaning they
are based on forces and strength parameters. Thus, they deliver values that are not annualized, as
they are precisely, geomechanical only.
Adams (2015) noted that a major problem of pf evaluated using LEM is indeed the lack of time
dependency: in the absence of time-dependent input variables, the computed pf does not have a
timescale. In order to calculate the annual pf, the reference time is often assumed to be related to
the design life of the slope. But in reality, the pf of a slope is likely to be related to the rate of
stress redistribution, the rate of material strength degradation (e.g. via weathering, etc.), and the
temporal probabilities of triggering (extreme) events such as rainfall or earthquakes.

Furthermore, these classic geomechanical approaches have no provision for evaluating the
impact of a multitude of important parameters such as human factors, monitoring maintenance
and care of the slope under consideration, potential for exceptional meteorological conditions,
etc.. In recent years more sophisticated approaches offering a blend between the geomechanical
approaches and semi-empirical evaluations of the quality of the slope have been published, used
and proven (Silva et al., 2008, referred to in this report as SLM). They allow to fill the gap of the
“annualization of probabilities” and the lack of consideration for “human factors”, maintenance,
etc.. Thus, these allow to bridge over to estimating the number of potential accidents over a certain
time, e.g. next five years, life of the structure. Of course, these approaches require regular updates
as conditions and parameters change over time.
4 EARLY ATTEMPTS TO LINK FoS AND P f
In this section we show how a geomechancal FoS-pf relationship can be built, based on
geomechanical probabilistic considerations. A simple slope is used as an example, varying the
main geomechanical parameters and their uncertainties and possible correlations among them.
This deliberately simple example of application (Figure 3), lends itself well to showing the
influence of uncertainties on the various parameters of LEM stability.
Geometric data:
 H[m], α, β [°]
Geotechnical data:
 c [kN x m-2], Vc [%]
  [°], V [%]
 γ [kN*m-3].
Hydraulic data: no water table in this simple example

Fig. 3 A simple triangular slope used as an example in this paper.
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By putting:
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𝑝 = tan φ
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We find the following linear expression where c and p are stochastic, while a and b are
constants:
(8)

𝐹𝑜𝑆 = 𝑎𝑐 + 𝑏𝑝
In case of a relation of the type:

(9)

𝑦 =α 𝑥 +α 𝑥

which is exactly what we have here, we can evaluate the average 𝑦 , variance 𝑆 and then
standard deviation Sy using respectively simple formulae as follows:
(10)

𝑦 =α 𝑥 +α 𝑥
𝑆 =α S

+α S

+ 2α α 𝜌

𝑆 𝑆
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Where 𝜌
is the correlation coefficient between 𝑥 , 𝑥 .
By using the formulae above we find:
(12)

𝐹𝑜𝑆 = 𝑎𝑐̅ + 𝑏𝑝̅
𝑆

= a S + b S + 2ab𝜌

𝑆
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(14)

𝑆

In more complex cases (geometry, layers, water table, etc.) one can use point estimates methods
(Rosenblueth, 1975) applied to LEM to define the variability of the FoS. With the evaluated mean
and standard deviation of the FoS, and assuming that it follows a normal (or Gaussian)
distribution, we can calculate pf = p [FoS <1] (Harr, 1977). The assumption regarding the Normal
distribution of FoS is only acceptable if:
𝐹𝑜𝑆 − 3𝑆

>0

(15)

In all other cases the use of an empirical distribution (e.g. Beta distribution) is recommended.
Numerical example data:
 H=5m
 α = 21.8° (2v/5h)
 β = 33.7° (2v/3h)
 γ = 20.0 kNm-3
 φ = 15°, V = 10%
 𝑝̅ = tan φ = 0.268
 𝑐̅ = 5 kNm
 Vc= 50%
 ρc=0%.

Calculation:
 L = 13.46 m
 W = 250 kN
 a = 0.144
 b = 2.5.
Thus
𝐹𝑠 = 0.144 ∗ 5 + 2.5 ∗ 0.268 = 1.39
𝑆

= 0.128

𝑆

= 0.358

And assuming FoS is following a Gaussian distribution have pf = 0.138 = 13.8%.
Using the data from the previous example, it is possible to study the variation of pf as a function
of the correlation ρcφ (Figure 4 top left) and the differences in cohesion (Figure 4 right) and friction
(Figure 4 bottom left). The influence of each parameter is studied while keeping the other two
constants, as follows:
 ρc = varies
Vc= 50%
V= 10%
 ρc = 0
Vc= varies
V= 10%
 ρc = 0
Vc= 50%
V= varies.

Fig. 4 Effect of correlation between c,  (top left), of variability of c (right), variability of  on the
probability of failure pf of the example slope. It can immediately be seen that the variability of the cohesion
has by far the most significant impact on pf.

For simple cases like the one presented in the previous paragraphs, it is possible to compile a
chart useful for design (Figure 5). The interest of this type of chart also lies in allowing an easy
comparison between a classic safety indicator, FoS, and a much more sensitive one, the
probability of failure pf.

Fig. 5 Chart of the comparison between FoS and pf for the case studied ρc= 0. Dotted lines: solution for
the case α = 21.8° (2v/5h), β = 33.7° (2v/3h). FoS = 1.42; p f = 14%

5 MODERN ATTEMPTS TO LINK FOS AND POF
As stated earlier, in recent years various authors (Silva et al., 2008, Altarejos-García et al, 2015)
have expressed the annual probability of failure as a combination of Key Performance Indicators
(KPIs), including human factors and quality of studies, design, monitoring, maintenance. These
expressions have generally been empirical or semi-empirical. In some cases, these formulations
have found fierce opposition: their detractors consider them as doubtful and unverifiable,
however, without delivering a counterproof.
In order to work within the effort limits normally consented for this type of risk assessment,
especially if swift prioritization of slopes’ portfolios is the goal, we will now examine if the set
of SLM empirical relations between FoS and pf could be used.
As with all empirical and simplified approaches caution must be exerted before using these
slopes’ relations for tailings dams, in particular because those publications makes neither explicit
mention of construction mode (downstream, centre-line, upstream) nor provide a specific
discussion of seismic loading, static and/or dynamic liquefaction. In our practice, we have
modified and re-calibrated these approaches specifically for tailings dams and other structures
(Oboni, Oboni 2019).

SLM links the FoS (stability) defined by the geotechnical engineers in charge of a project, using
classical stability methods, to the annual pf for slopes.
In order to link FoS to pf, the first step is to define the “category” of the structure under
examination. This is done by examining sequentially the aspects of the design (D1, investigation;
D2, testing; D3, analyses and documentation) and construction (CO) as well as operations and
monitoring (OM).
The methodology considers four categories ranging from I (best) to IV (poor, i.e., nonengineered). Experience has shown (over a rather large array of cases studied by the authors) that
structures with high failure consequences are generally designed, built and operated in such a way
that they fall into category I or between I and II. Of course, if a structure has received little or no
engineering it will fall in category III and even IV.
The approach lends itself to define the causality of the potential failure. Figure 6 shows a pie
diagram for two slopes (names X1 -right-, X2 -left-) in a same project where the different KPIs
lead to different causalities distributions.

Fig. 6 Causality pie diagrams for two slopes in the same project

Figure 7 shows the semi-empirical FoS vs. pf for sections X1,X2 vs. world-wide performance
benchmark for tailings dams over the last hundred years (Oboni, Oboni, 2013, Oboni, Oboni,
2016). We can see from Figure 7 that if the engineer evaluated a FoS slightly above 1.3, both
slopes X1 and X2 would “intersect” the historic benchmark of tailings dams (10-3 to 1.2*10-4
respectively for the decades around 1979 and 1999).

Fig. 7 FoS vs. annual pf for slopes X1, X2 vs. world-wide benchmark for tailings dams. NB: the lowest
annual probability shown on the vertical axis is 10-6 which corresponds to the credibility threshold in
hazardous industries. The horizontal axis displays the FoS.

This result makes sense: as the two slopes are “common practice” slopes with an “average
level” of investigation, design, construction, management, maintenance and monitoring it is
logical that they would have a forecasted behavior similar to their peers around the world.
Now, from the prior section we remember that the simple slope example, with a geomechanical
FoS appx. 1.4, had a pf of 14%. That result does not make any sense! How is it possible that such
a slope, that any engineer would consider as “safe” has such a high evaluation of the p f, that does
not match at all world-wide real-life experience? In the next section we endeavor to bring an
answer to this question.
6 COMPARING THE APPROACHES
As described earlier (Christian, Baecher, 2011) the gap between geomechanical models and reality
is a known fact. In the case cited above, it is in the order of two orders of magnitude.
We know out of experience that the gap between geomechanically derived p f and semiempirical approaches is reduced if better models are used. In a recent real-life risk assessment we
noticed, for example, that using sophisticated 3-D slope stability analyses led the engineers to p f
within the same order of magnitude, still with the geomechanical values higher (and mostly out
of range) with respect to the semi-empirical ones and the historic benchmarks (Table 1). Within
the same study it also appeared that minor changes in numerical interpolation techniques
necessary with the 3D slope stability method would have brought the geomechanical pf within
reach of the semi-empirical pf, the difference being of course the effect of many KPIs that the
geomechanical pf does not consider and the lack of systemic view of geomechanical approaches,
as discussed below. Remember that geomechanical pf are not annualized, thus comparisons must
be cautious.
Table
1. Probability of failure of a slope
_____________________________________________________________________________
Slope

3D slope
Reduction applied
Empirical pf
analysis
p
due
to
interpolation
p
annualized
f
f
_____________________________________________________________________________
1
6.9*10-2
3.5*10-2
1.2*10-2
-2
-2
2
9.6*10
4.8*10
3.0*10-2
-2
-2
3
13.6*10
6.8*10
2.9*10-2
_____________________________________________________________________________

Now, let’s push the analysis a bit further. We carried out a number of trials using a probabilistic
geomechanical approach and compared the results to a semi-empirical empirical methodology
(Oboni, Oboni, 2020). These trials considered cohesive and granular slopes of non-engineered
materials (natural soils).

Fig. 8 Comparison of the direct geomechanical probabilistic approach (yellow) and the semi-empirical
method results for cohesive soils (blue). These results are not directly comparable as only one is annualized.

In each case we found comparable results (that is, within the same order of magnitude) of the
pf, as depicted in Figures 8 and 9 for non-engineered structures and the purely geomechanical
evaluation respectively for cohesive and granular soils.
As the probability of failure of real-life dams lies in a range of six orders of magnitude and
world-wide historic tailings dams performance lies within one order of magnitude, finding a
correspondence between a theoretical and empirical pf within one order of magnitude is sufficient
for the purposes, for example, of portfolio prioritization, given all the other present uncertainties.
Thus, it can be assumed that the direct geomechanical probabilistic approach and the empirical
method deliver comparable results for non-engineered (natural) materials.

Fig. 9 Comparison of the direct geomechanical probabilistic approach (orange) and the semi-empirical
method results for granular soils. These results are not directly comparable as only one is annualized.

Now, engineered materials have fewer uncertainties than natural non engineered ones, as they
are selected and carefully compacted under controlled water content. This reduces their
variability. Proper management, monitoring, etc., further reduce uncertainties and thus enhance
reliability of structures using them.
As a result, engineered slopes necessarily have way better (lower) pf than non-engineered
slopes and the empirical methods reflect the reduction of uncertainties leading to lower annualized
probabilities for each value of FoS. We think that this reasoning “solves” the question raised by
Christian and Baecher (2011).
7 CONCLUSIONS
The ability to generate and compare FoS-pf relationship is paramount for the formulation of risk
informed design and to foster engineer’s confidence in probabilistic solutions.
Our advice is to « forget » the FoS as a decision tool and only perform probabilistic analyses.
Our preference is to rely on semi-empirical systemic approaches, provided they are coupled with
benchmarking, to ensure anchoring to reality. Geomechanical p f can be used for comparing design
alternatives among themselves, but not to perform risk assessments, in particular at portfolio level.
Indeed, geomechanical pf are too high and correspond to non-engineered geotechnical structures.
However, one big merit of the purely geomechanical approaches is to show, for example, that FoS
should be different for slopes built with different materials and that, in particular, clayey slopes
should have a larger FoS than granular slopes, because the variability of cohesion is way larger
than the variability of friction.
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